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Abstract 

We establish Liouville type theorems for elliptic systems with various classes of non- 
linearities on R". We show, among other things, that a system has no semi-stable so- 
lution in any dimension, whenever the infimum of the derivatives of the corresponding 
non-linearities is positive. We give some immediate applications to various standard sys- 
tems, such as the Gelfand, and certain Hamiltonian systems. The case where the infimum 
is zero is more interesting and quite challenging. We show that any C^(S/^) positive entire 
semi-stable solution of the following Lane-Emden system. 



-At; = Af(x) v", 
-Ai' = yfix) u^i. 



is necessarily constant, whenever the dimension W < 8 + So- + ^rf > provided p = I, q >2 
and f(x) = (1 + Up) 5 . The same also holds ior p = q>2 provided 

2(2 -1- a) I 

N<2 + -l(p + ^p{p - D). 

p- 1 

We also consider the case of bounded domains Q. c , where we extend results of Brown 
et al. (U and Tertikas f 171 about stable solutions of equations to systems. At the end, we 
prove a Pohozaev type theorem for certain weighted elliptic systems. 
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1 Introduction 

In this paper, we shall examine semi-stable solutions of semi-linear elliptic systems on bounded 
and unbounded domains on R'^. We are particularly interested in Liouville type theorems for stable 
solutions of such systems. Note that this subject is by now well developed for equations such as those 
involving Gelfand, Lane-Emden, MEMS and even more general C' convex non-linearities. To our 
knowledge, no such (Liouville type) theorem exists for stable solutions of systems corresponding to 
these non-linearities. Let us first mention the definition of stability. 

Let Q be a subset of and f,ge C' (R^, Q.). Consider the following general system on Q., 




= f(u, V, x), 
= g(u,v,x). 



Following Montenegro [H] -whose work was restricted to bounded domains- we say that a solution 
(m, v) € C^{D.) of (Nf^g) is stable if the following eigenvalue problem, (S j^g), has a first positive 
eigenvalue, 77 > 0, with corresponding positive smooth eigenfunction pair {jp, ij/). We say it is semi- 
stable if the first eigenvalue rj is non-negative, i.e., t] >Q. 




-Acf> — fu(u, V, X)(p + fv(u, V, X)4l + T]4>, 
-Av - gu(u, V, X)<p + gv(u, V, X)il/ + 7/i/r, 



In section 2, we shall first consider systems on unbounded domains, and establish Liouville type 
results for the easy case where the infimum of the derivatives of the non-linearities are greater than 
zero. We then tackle the more challenging case when the infimum is zero so as to cover Lane-Emden 
systems. 

In section 3, we give a general class of non-Unearities for which Liouville type theorems can be 
established. 



2 Systems on unbounded domains 

Assume Q is the whole space R^. We first prove the following result. 
Theorem 2.1 Assume f and g are two -functions on R'^^^. 

1. If all partial derivatives of f and g with respect to u and v are non-negative, then there is no 
C^(R'^) entire stable solution for (N/^g), i.e., 77 must be zero. 

2. If rmn{inf f,,mf gu] > C > 0, where the infimum is on the range of u and v, and fu,gv > 0, 
then there is no C^CR'^) entire semi-stable solution for (Nf\g). 

Proof. Since proofs of 1 and 2 are similar, we just prove 2. Suppose (m, v) is an entire semi-stable 
solution of (Nf^g), so that there exists a pair of positive functions ((p, t//) satisfying (S f^g) with rj >Q. 
By adding two equations in {S j^g) we get, 

-A((^ -I- i/r) = (/„ + g,,)(l> + (/„ + g,)if, + r]{(/> + ^)> inf g„ H- inf /„ i/r. 
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therefore 



-A((b + 4/) 4> lA 

> (mf^„)-^ + (inf/,)- ^ 



(f> + i// <P + 1/^ <P + 'I' 

> niin{iiif /v, inf g„) > C > 0. 

Now, multiply the above equation by for < ({x) e C^(R'^), and do integration by parts to get 



JW Jm" + 0' 



)W <P + ^ 10 + ^^'P 

Since the function f{x) := lax - x^ takes it maximum at x = a, we conclude 

c f ^2 < r iv^|2. 

This is obviously a contradiction, since there is no Poincare inequality on R^. 



Examples: Let A,y >0. Consider the following systems on R^. 
(A^U,r) 

-Av = ye", ^^^f^*^ ^y^*^^™ 

N f -Am = A(l + a(x)u + b(x)vy, _ , ^ j c * 

(Ni^r) s A /, / N 7/ N General Lane-Emden System 

• •^ [ -Av = 7(1 +c(x)M + i/(x)v)'', •' 

Am = iv--P, 
Av = yu~ 



(N3j,y) A _ -<,' General MEMS System 



I Av - /1/(m) ^i'li^^rmoi^'- ^l^^tion 

(Nsh) I Hajniltonian System 

\ -Av = Hu(u,v), ^ 

where all (E.^) functions a,b,c, d, p, q, f, H, Hu and //,, are positive. 

Corollary 2.1 There is no pair (u, v) of C^(M.^) functions satisfying one of the following 4 conditions: 

1. (u, v) is a positive entire semi-stable solution of either (Ni^^y) or (A^2,i,y)- 

2. (m, v) is a positive bounded entire semi-stable solution of{Ni^x,y)- 

3. (u, v) is an entire semi-stable solution of the bi-harmonic equation (A^4,^) with f'>C>Oin 
the range ofu, 

4. (m, v) is an entire semi-stable solution of the Hamiltonian system (Ns^h), where > and 
Huu, Hyy >C>Oin the range ofu and v. 
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In the next part, we see how much the condition min{inf /,,, inf g,,} > C > in Theorem l2.1l on 
non-Hnearities is crucial. Without it, such as the case of Lane-Emden systems, the proof becomes 
much more dehcate and will require restrictions on the dimension A^. 

2.1 The Lane-Emden system 

Existence and non-existence of positive solutions for both Lane-Emden equations and systems have 
been interesting and challenging questions for decades. 

Recently, Souplet |(15J established the Lane-Emden conjecture in = 4 and obtained a new 
region of non-existence for N > 5. The so-called Lane-Emden conjecture which has been open for 
at least fifteen years asserts that the elliptic system 

-Am = yP in R'^, 
-Av = ui in R^, 

for p,q > has no positive classical solution if and only if the pair (p, q) lies below the Sobolev 
critical hyperbola, i.e. 

1 \ 2 
+ > 1 . 

p + \ q+\ N 

This statement is the analogue of the celebrated Gidas-Spruck fS] Liouville type theorem for the 
scalar case. Among other partial results, the conjecture had been proved for < 3 in 1161 [T3]| and 
for only radial solutions by Mitidieri in [9]. 

Also, the question of the regularity of semi-stable solutions of the system -Am - Ae^', -Av = ye" 
in Q., and those of the fourth order equation A^m = /(m) with zero Dirichlet boundary conditions 
were examined in |2| and [3|, respectively. Roughly speaking, there is a correspondence between 
the regularity of semi stable solutions on bounded domains and the non-existence of semi stable 
solutions on R'^, via rescaling and a blow up procedure. We combine the techniques of the above 
mentioned papers to find Liouville type theorems in the notion of stability for a special case of 
Lane-Emden system in higher dimensions. During preparation of this work, we noticed that Wei- Ye 
IfTSl also used these techniques to establish independently Liouville type theorems for fourth order 
equations. To our knowledge, no Liouville type theorem have been established for entire semi-stable 
solutions of systems of the form 

where p > \,q> 1 and /I, y € R+ 

Notation 1 Throughout this subsection, for the sake of simplicity, we say f < g if there exists a 
positive constant C such that / < Cg holds. 

We shall first need the following L' -estimates, which were inspired by the work of Serrin and 
Zou lfT6l (whose proof is based on ODE techniques), and Mitidieri and Pohozaev IfTOl . who prove 
similar results by a simpler PDE approach. See also 1 14 1. 



-Am = A fix) vP, 
-Av - yf{x) M*, 
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Lemma 2.1 Let p > l,q > I and A,y > 0. For any C (Br) positive entire solution (m,v) ofiN^^y) 
and R> I, there holds 

2{p+\)q q+\ 

Br 

where f{x) = (1 + 1:^1^) ' for any a e R, and Cx,y does not depend on R. 
Proof. Fix the foUowing function e C^CR'^) with < < 1; 

where llVZfslU ^ j and ||A^/{||co < ^. For fixed m > 2, we have 

lAz-^rvM^/ 0. if|x|</?or|x|>2/?; 
Wl < I ^-2^™-2, if /? < \x\ < 2R. 

For m>2, test the first equation of (N^^y) by and integrate to get 

A r (1 + ixftf v^f™ = - r A< 

= - r mac</?-2 r <- 

Applying Holder's inequaUty we get 



1, if\x\<R; 
0, if\x\>2R; 



Jr" \Jb2r\Br 

\jB2R\Bii I 



(X 



1/9 



-|2^f „9/(»'-2)</ 



(1 + W0'M«C 



By a similar calculation for A: > 2, we obtain 

rf {\ + \x\'-)ium < R-^ { v4-2(l + W2)§(l + 1x1^)5. 
By Holder's inequality we get 

r r (1 + < R^^-p'^y^ ( r (1 + v^^r>^)' , 

JR" \JB2r\Br I 
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where - + - 1. For p - 1 take p' - oo. For large enough k we have 2 + - < (k - 2)p, so we can 
choose m such that 2 + ^ <m < {k - 2)p which says m < (k -2)p and k < (m - 2)q. Therefore, by 
collecting above inequalities we get for /? > 1 , 

j r- \l/P1 

(l+|x|2)f««4 , 

\JB2R\Bg I 
Af(l + y/'^' < r{^^-P'^7-^)-.R^^-¥^7-^ 

( r (1 + i^ft?v^c) 

\JB2r\Br I 



Therefore, for /? > 1 we have 

(l + |x|^)5v'' < R 
{\ + \x\^)'iu'' < R 



Br 

f .. . .1, 2 „ „ 2(p+l)q q+] 

Jbr 



Corollary 2.2 With the same assumptions as Lemma \2J\ we have 



Ibr 



< CR iFT-iTT'' 



Ibr (1 + W2)f 

where the positive constant C does not depend on R. 
Proof. Apply Holder's inequality to obtain 



Jbr(1 + |xp)2 \Jb, I \Jbr 



'Br 



Now, use Lemma IZTI to get the desired inequality. 



An immediate application of Lemma lZTl is the following Liouville type theorem, in the absence 
of stability, for {NA,y) which is related to the Lane-Emden conjecture. In the case a - 0, this was 
obtained by Mitidieri in ||9| and also modified by Serrin and Zou in |fT6l . 

Theorem 2.2 Let p > l,q > 1 and A,y > 0. Assume (u, v) is a non-negative entire classical solution 
for {N,iy), provided 



N -2 < max 



(2 + a)(q+l) i2 + a){p + l) 



pq-l pq-l 
Then, (u, v) must be the trivial solution. 
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Proof. Proof is a direct consequnce of Lemma IZTl 

■ 

Now, we prove a point-wise comparison result for solutions of (A^i,y). The following lemma is 
an adaptation of a result of Souplet ifTsl . 

Lemma 2.2 If{u, v) is a C^{M.^) positive entire solution of(NA,j), then we have 

P+l 

where q > max{/7, 2}, A < j and a > —2. 

Proof. Define w : = m - /5v' for < f < 1 and yS > 0, so we have 

Aw = Am -ptAv v'-^ - pt(t - l)\Vv\^v'-^ 

> -A(l + \x\^y^vP + p ty(l + \x\^)^u''v'-^ 

> 7(l + |;c|2)f(-v''+/3'?+ifv"?+'-i), on{w>0}. 

By taking t - ^ and /3 > {^)~ , we have Aw > on {w > 0}. Now, by Green's theorem we have 



J|!.|_i w^(Rz)dS(z)- Moreover, on the set {w > 0) we have j3v' < u and u and v are 




where g(R) 
positive, so 




< 



r u\Rz)dSiz) 




Also, by Lemma im we know that 




Therefore, for a > -2, there is a sequence 



oo such that 
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This means that g{Ri) — » for R/ oo. Since g is a positive function, there is a sequence Ri —> oo 
such that s'(Ri) < 0. Hence, from (12.1b we see that f |Vw+p = 0, i.e. w+ is constant. If w+ = C > 

0, then by continuity we conclude w - C and by definition of w we see m > C > in which is in 
contradiction with Lemma 1. Therefore, w+ = and u < /3v'. 

■ 

Corollary 2.3 Let (m,v) be a C^(R'^) entire positive solution of(N^ y) with p — q > 2, then u = 

It follows that {N,\,y) with p - q>2 reduces to the single equation which has been classified by 
Farina in |7| for a -Q. Similar ideas as in Farina's easily yield the following result. 

Theorem 2.3 If{u, v) is a C^(R'^) non-negative entire semi-stable solution ofiN^^y) with p — q > 2, 
and 

2(2 + a) I 

< 2 + ^ -^{p + ^pip - D), 

p-l 

then, (u, v) is the trivial solution. 

Similar results were also obtained by Esposito-Ghoussoub-Guo ||5]|6l and by Esposito 0- They 
can be applied to obtain the following analogue for systems. 

Theorem 2.4 Suppose (u, v) is a C^(M.^) non-negative entire semi-stable solution of{NA,y) with p — 1 
in dimensions 

8+40- 

A^<8 + 3a+ . (2.3) 

q-1 

Then, (u, v) is the trivial solution. 

First, a simple calculation leads us to the following identity. 
Lemma 2.3 For any w e C^iR'^) and ( e C^(R^), we have 

Aw ^ ^ \HwO\^ _ JVw • V^p w2 , ^ 2 



, -AiwC) - ' ^ , = -4- ^ r^lA^r 

(1 + |xp)2 (1 + |jc|2)- (1 + |x|2)- (1 + |jc|2)2 

+ 2 —W(f-2 -ArAf. 

(1 + |x|2)2 (1 + |x|2)2 

Proof. Let A = y = I. Assume (m, v) is a semi-stable positive solution. Inspired by the linearised 
equation 

-A4> = (l + lxftf^, 
-Atfr = ^(1 + Ijcft^M*-',^, 

we have the following stability inequality, for all ( e C^(R^) 

2 



qf (1 + W2)f«^-1^2< r l^^l . (2.4) 

Jr" Jr« (1 + |x|2)2 
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Step 1. Test the stability inequality on u. Set ^ = for ^ € C^(R'^), and test the stability 
inequality on ^ to get 

(q-l) [ (1 + Ixh^M^-'lMfl^ < r ^'^^f^'' - (1 + |x|2)f 
Jr« Jr« (1 + |x|^)2 

Jr« (1 + |JCP)2 JrW 
Jk.H (1 + |jCp)2 JljA- 

r |A«)p r Am . 

Jr« (1 + I^P)5 Jr" (1 + |XP)5 

Now, using Lemma |231 we get 

(,-1, f (l.W¥.-|»fP . 4 f f -4-,AfP 

Jr« Jr«(1 + |xP)2 Jr«(1 + |xP)2 



Jr« Jr« (1 + 



^(1 + W2)T 

By Green's theorem, we can modify the first term in the right hand side as 

r ivm^v^P ^ r u(-Au) . 

Jra- (1 + \x\^yi Jr'^ (1 + |x|2)f 



(1 + |;cP)i Jr« (1 + |x|2)f 

- r M^^z/vf — + v(i + ivfh 

2 Jr« + I I ^ I ?i 



+ 

2 , 



combine this equality with the last inequality to get 

r (i+ix|2)fM«-v^i' < r «viv^i' 

Jr" Jr" 



Jr" (1 + |XP)2 ^ ^ 

Jr« (1 + xp)— ^ 



2 

(1 + |xp)^ 



m2 



« (1 + |xP)'t" 

MV|V^P +/(m,^) 

N 

From this and the stabiHty inequahty, i2Ah we conclude 
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Using the following equality 

A(m^) = -(1 + |x|2)S + mA^ + 2Vm ■ V^, 

and i2.5\ we get 

r (i+w2)?vv < r «viv^i'+/(M,^). 

Now, set ^ = Cr ^ C^(R^) for < < 1, '« > 2, and 

/ 1, if\x\<R; 
0^ if > 2/?; 

where ||V^r||oo < ^ and ||A^r||oo < So, by Young's inequaUty we get 

r (i + ix|2)?v2^f ^ r «vivf«|2ff"-"+/(«,o 

_ r 

+ 



■JB2,<\B,< (1 + )- 



Therefore, 

,2 



-'r" Jb2«\Br (1 + I-^I )^ 

On the other hand, by definition of /(.,.) we have 



rr,, ^ T ^ y2(m-2) 

,2 

„2(m-2) 



„2(m-2) 



j,2(m-2) 



(2.6) 



+ R-^ r — ^^ff 

Jb2«\b« (1 + |jcp)~ 

-'B2«\S« (1 + 2 

< R-^ r — 

-'b2«\S/, (1 + \^V)'- 

From this and ( 12.61 1. we get 

in the light of Corollary 12. 21 we see 

f (l + |x|2)fv2^f ^ ^^-4-«-^_ (2.7) 
Jr« 
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Step 2. Test the stability inequality on v. Set ^ = for ^ e C'^(R^) and test the stability 
inequality, (12.41 ). on ( to get 



. f -J^-,(i.w¥«->KI^ 

JrA- (1 + |XP)2 

Jr« (1 + |x|2)2 



(1 + |XP)2 

|x|2)f 



Jr« (1 + |jt " 



Therefore, 



q(q-l)f |V«|V-V < r A(«>^^ 
Jr« Jr« (1 + Jr« 

JrA" (1 + Jr« 

Jr« (1 + I^P)- Jr^ (1 + |x|2)- 

By the same idea as Step 1 and using Lenima |273] we get 

r \Vufu''-^vf < f M«v|V^|2 +/(v,^). (2.8) 

Jr-^ Jr-^ 

On the other hand, by following the ideas of Cowan-Esposito-Ghoussoub O], we have 

1 h(u)i-Au)f = 1 /z'(m)|Vm|2^2 - 1 Hiu)Af, 

Jr" Jr« Jr« 

where H{u) - J^' h(t)dt. Let h{u) :- , use Lemma l2!2l to get 

" Jr" 

From this and ( I2.8l l we see that 

r (l+|xh!M2?^2 ^ r „v|V^l' + |A^'l) + /(v,^). 
Jr« Jr" 

Using the same test function as Step 1 and doing similar calculation we get 

< R-^-^" r (1 +|jc|2)5yl 
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By the result of Step 1, i2.7i . we get 



Remark One can see that Lemma 12.11 and 12.21 can be adopted for the following system. So, a 
counterpart of Theorem l2.4l can be proved. 

, 1 -A« = Af(x) V, 

^^'7' \ -Av = yf{x)u'' + yf(x)u''. 

Open problem: A natural question is how we can establish a Liouville type theorem for {NA,y) with 
other values of p and q. 

3 Systems on bounded domains 

In this part, we generalize results of Brown et al. |[l] and Tertikas ifTTl about the stable solutions of 
equations to systems. Consider the following system: 



with the Robin boundary conditions: 



-divie^'^u) = A-e^f{v) in O, 
-divie^Vv) = ye'^giu) in fi, 



au + bdyU — on (9Q, 
av + bdyV - on dO., 

where Q is an open bounded subset of R'', f,ge C^(R), e C' (Q), a, e R and ^, y € R+. In the 
special case 6 = 0, A - y and f = g we have the single equation. 

We define X to be the following subset of convex functions in C^(R): /z e X if we have 

either h(0) < and h"(u) > for m > 0, 
or h(0) - and h"(u) > for u > 0. 

Similarly, concave function /; belongs to Y c C^(R) if we have 

either h{Q) > and h"iu) < for m > 0, 
or h(0) - and h"(u) < for m > 0. 



For the following single equation with the Robin boundary condition, 

(Nf) 

Brown and Shivaji in Q proved the following result. 



-Am = f(u) in Q, 
au + bdyU — on 5Q, 
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Theorem 3.1 Suppose / € X and f'iu) > Ofor u > 0, then all C^(Q) positive solutions of(Nf) are 
unstable. 

In the following theorem, Tertikas flTl improved the above result by removing the monotonicity 
condition /'(«) > 0, for u > Q. 

Theorem 3.2 (i) Iff e X, then every C^(Q) positive solution of{Nf) is unstable, 
(ii) Iff 6 Y, then all C^(Q.) positive solutions of(Nf) are stable. 

This theorem is sharp. Since for the Gelfand non-linearity f(u) = e" which we have /(O) > 0, 
by Montenegro's paper 1 1 1 1 we know that minimal solutions are stable. Now, we try to prove a 
counterpart of these theorems for systems. 

Theorem 3.3 (i) Let f,g e X, 6 e C'(Q) and A,y e R+. If(u,v) is a C^(Q) positive solution of 
(Nf^g), then (u, v) is unstable. 

( ii) Let f,g eY, 6 e C' (O) and A,y e R^. Then, all C^(Q) positive solutions of{NA,y) are stable. 

Proof. Let (m, v) be a positive semi-stable solution of {Nf,g), so there exists positive eigenfunction 
pair (0, il/) corresponding to the first eigenvalue rj such that 



Multiply the first equation of {S /,g) by v and the second equation of (A^/,g) by (p and integrate to get: 



-div(e^V(l)) = Ae^f'(v)ip + r]4> in Q, 
-divie^V^) = ye^g'(u)(l) + ri^ in Q, 



with Robin boundary conditions: 



fl0 -I- /7cJv0 = on do., 
aiff + bdyt// = on dO.. 




the last equality holds, since v and have the same boundary condition. Similarly, 
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For (i), since / is in X, we have f'(v)v > f(v). Therefore, 

y f e'>g(u)cl> > A f e''f(v)if,+ f j]V(f, 
Jn Jn Jn 



= y I g' (u)u(p + J] I (uil/ + v(p). 
Jn Jn 

Suppose (m, v) is a semi-stable solution, so 77 > and we have 

y f e\g(u)-g'(u)u)^>0, (3.1) 
Jn 



and this is a contradiction, since g e X, i.e., g(u) - g'(u)u < 0. 

For (ii), since / and g are in Y, we have /(v) > /'(v)v and g(u) > g'(u)u. Therefore, 



Jn Jn Jn 

I e^g'{u)u^ + J] I (ui// + v(p), 
Jn Jn 



Jn 

= r 

and. 



77 I (ui// + vcf>) > y i e\g(u) - g'(u)u)4> > 0, 
Jn Jn 

we conclude all eigenvalues are positive. 

□ 

Remarks 

1. There is no condition on /' and g'. 

2. The same result holds for f{u, v, x) and g{u, v, x). 

3. This theorem looks sharp. Since for the Gelfand non-Unearity f - g - exp(.) which we have 
/(O) > and g{0) > 0, by Montenegro's paper fTT) we know that minimal solutions are stable. 
Moreover, he actually proved some properties of the curve F = dA, where 

A := {{A, y) € : there exists a smooth solution (m, v) of (Nf^g)]. 

We can easily get an upper bound for the curve F c [(A,y) e lj; Ay < jTfjy^Tfffj]- Since 
f",g" > 0, we have f(v) > f'(0)v and g(u) > g'(0)u. Multiply both equations with the first 
eigenfunction of the operator -A, i.e. 0i, and do integration by parts to get 



f (f>iU>Af'(0) ( (f>iv and Ai f (f>iV>yg'(0) \ (f>iu. 
Jn Jn Jn Jn 



For the remainder of the paper, we will focus on Pohozaev type theorems for the following 
weighted elliptic system, in the absence of stability, 

f -Am = |xr/(v) inn, 
\ -Av = \xf g(u) in Q, 

where f,ge C' (R-) and a,/3 >Q, with Dirichlet boundary conditions m = v = on dO.. 
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Lemma 3.1 All non-negative C^iSl) solutions of{Nj\g) satisfy 

{{N + a)F{v)-{N-2)Tvf{v))\xr + 
{{N+p)G{u) -{N-2)(\- r) ug{u))\xf = 
Lia (x ■ v)dyudyvdS , 

for any t in [0, 1]. The functions F and G stand for anti-derivative functions of f and g, respectively, 
i.e., F(t):^ J^f(s)ds. 

Proof. First, we show the following identity holds for any C^(Q) functions u and v which are zero 
on the boundary of O. 

[ (jc • Vv)Am + (x ■ Vm)Av - (A? - 2)Vm ■ Vv = | (x ■ v)dyudyvdS . (3.2) 
Jn Jdn 

By a straightforward calculation, one can observe the following identities: 

div((x ■ Vv)Vm + (x ■ Vm)Vv) 

= (x ■ Vv')Am + (x ■ Vm)Av + X ■ V(Vm ■ Vv) + 2Vm ■ Vv, 
div(x(Vu ■ Vv)) = A^Vm • Vv + x • V(Vm ■ Vv). 

Subtract these equalities to get 

div((x ■ Vv)Vm + (x ■ Vm)Vv - x(Vm ■ Vv)) 

= (x • Vv)Am + (x ■ Vm)Av - (A^ - 2)Vm ■ Vv. 

Integrating over Q and using Green's formula, we get 

((x ■ Vv)Am + (x ■ Vm)Av - (A^ - 2) Vm ■ Vv) dx = 

j^^ ((x ■ Vv)Vm + (x ■ Vm)Vv - x(Vm ■ Vv)) ■ vdS . 

Since m = v = on 5Q, we have Vm = dyU v and Vv = dyU v. This proves ( 13.21 ). 
Now, assume (m, v) is a solution of (A^/,g). Then, 

(x ■ Vv)Am + (x ■ Vm)Av = -(x ■ Vv)|xr/(v) - (x ■ VM)|x|'*g(M) 
= -X ■ VF(v)|xr - X ■ VG(m)|x^ 
= -t//v (x|xrF(v) + x\xfG(u)) 
+ {N + a)\x\"Fiv) + (N+ P)\xfGiu). 

Therefore, we have 

((x ■ Vv)Am + (x ■ Vm)Av) dx = JjN + a)\xfF(v) + (A^ + /3)\xfG(u). (3.3) 
On the other hand, by multiplying equations of (N/^g) with u and v, we get 



I Vm ■ Vv = - I vAudx = ( \xfvf(v)dx, 
Jn Jn Jn 

I Vm ■ Vv — - I uAvdx = I \xfug(u)dx. 
Jn Jn Jn 
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Therefore, for any re [0, 1] we have 

r Vm-Vv= r (T|xrv/(i') + (l -•!")WV(m))'^-^- (3.4) 
Substitute ( l33T l and ( l34b into (O to get the desired result. 

■ 

Theorem 3.4 Let N > 3 and Q c R'^ be a star-shaped and bounded domain. Then, there is no 
C^(Q) positive solution for (N/^g), provided f and g satisfy the following conditions for all t > 0; 

(N + a)F{t) < aitfit), 
(N+/3)G{t) < a2tgit), 

where ai,a2 e and ai + a2 — N — 2. 

Proof. Since f2 is a star-shaped domain, we have Jg^(x ■ v)dyudyvdS > 0. Therefore, Lemma [3T| 
leads us to a contradiction if we take (A^ + a)F(v) -(N- 2)t vf{v) < and (A^ + /3)G(u) -(N-2){1- 
r) ug(u) < 0. 

■ 

Therefore, for the weighted Lane-Emden system we have the following result. 



Corollary 3.1 Let f{v) — v'' and g(u) — u'^ for p,q > I in Theorem \3.4\ Then, there is no positive 
classical solution for (Nf^g) in dimensions 

N+a N+B 

+ <N -2. 

p+\ q+\ 

Remark For the fourth order equation, i.e. a - 0,p - 1 and N > 4, there is no positive solution 
for q > ^^j^^l^ and also for the weighted Lane-Emden equation, i.e., p - q and a - p, there is no 
positive solution for q > This equation is also called the Henon equation, see lfT2l . 
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